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Abstract. In this paper we formalize and prove a conjecture of Braverman 
about certain integrals on affine Laumon spaces. This provides a rank n gen- 
eralization of a construction of Nekrasov about Q— deformed Af = 2 gauge 
theory with adjoint matter. 

1. Introduction 

Affine Laumon spaces appear naturally in geometic representation theory as 
small resolutions of singlarities of the all important Uhlenbeck spaces for the 
affine Lie algebra gl n . Uhlenbeck spaces appear in gauge theory as mathematical 
formulations of the spaces of U(n)— instantons. When one wants to compute 
partition functions in gauge theory, one basically computes integral of various 
cohomogy classes over Uhlenbeck spaces. Since the resolution of singularities is 
small, these integrals equal the corresponding integrals on affine Laumon spaces. 

In this paper, we will use the smooth affine Laumon spaces not only to calculate, 
but to define integrals of the tangent bundle of the singular Uhlenbeck spaces. 
Concretely, the partition function for CI— deformed TV = 2 super-symmetric gauge 
theory with adjoint matter and a surface operator insertion equals the generating 
function: 



Z(m) = J2 zd I c{T£ d ,mh), (1.1) 



where Cd denotes the affine Laumon space of degree d (to be defined in section 2.1) 
and c{TCd, mti) denotes the Chern polynomial of its tangent bundle. The index 
d = (di, ...,d n ) runs over all vectors of non-negative integers, and z d := z 1 1 ...zf l n 
are formal monomials. The above integrals are taken in equivariant cohomology, 
so the generating function Z(m) has coefficients in C(xx, x n , H, h'), where 
standard coordinates on the maximal torus of GL n , and H, h! are 
cooerdinates on P 1 x P 1 (this will all be explained in detail in section 2.2). 

In [4], Braverman asked to compute this generating function by relating it to a 
non-stationary deformation of the Calogero-Moser hamiltonian. This is the differ- 
ential operator given by: 

h' (m + l)nh + ti ^ kz k x - m(m + l) 

n = A + J D + mn nh^h> ^ + ^ (M - l)( z -[i;j] _ i) 

fe>0 i<j y ' K ' (1.2) 
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where we denote z^ l:j ' :— ZiZi+i...Zj, z :— (zi...z n ) , and 
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k . (~ „ \k 



Zk+1- 



D A £v dz k) £ V "dzkj V^dzk+iy (L3) 
The differential operator W has a unique eigenfunction: 

n 

Y(m) = Y[ 4" + ni S her order > n ■ Y ( m ) = *y(m), (1.4) 



fe=i 



where: 



and: 



^ _ k(xi + ... + x n ) - n(xi + ... + x k ) k(n - k) h' 
nh 2 h ' 



(n-l)n(n + l) /^\ 2 (^ + ... + x n f " 4 

24 I fi J 2nft 2 ^ 2ft 2 

v 7 fe=i 

Braverman conjectured that Z(m) must be very closely related to the eigenfunction 

(1.4). This has already been proved in [9] in the case of finite Laumon spaces, i.e. 

when we set z n = 0. In this paper, we will prove it in the general case, as in the 

following theorem. 

Theorem 1.5. The generating function Z{m) is given by: 

n 

Z(m) - Y(m) ■ 11 z- bk/h ■ S- m -\ 

k=l 

where the formal series: 

*=nii (i "* [<iil) (l - 6) 

i— 1 j>i 

is called the Weyl determinant. 

The main idea in the proof is to express Z(m) as the generalized character of an 
Ext operator A(m) as in [5] and [9], and to then use the representation theoretic 
techniques of Kirllov and Etingof to compute it. This main effort required is to 
connect the geometry of A(m) with its representation theory. The structure of the 
paper is the following: 

• in Section 2, we introduce afhne Laumon spaces and discuss their properties. 

• in Section 3, we introduce the Ext bundle E and the key operator A(m) it 
gives rise to. We state Theorem 3.6 which completely describes A(m). 

• in Section 4, we use this description of A(m) to prove Theorem 1.5. 
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• in Appendix 1, wc perform the main intersection theoretic computation of 
this paper and prove Theorem 3.6. 

• in Appendix 2, we perform the main representation theoretic computation 
which gives rise to the hamiltonian (1.2). 

The origins of this theory can be found in Nekrasov's paper [9], where he 
introduces the generating function (1.1) in the case of gauge theory on a surface 
without insertions (in other words, integrating over the moduli space of rank n 
sheaves instead of the afhne Laumon spaces). Some of the subsequent development 
has been discussed in the survey paper [4], and a discussion aimed at physicists of 
the case at hand can be found in [1]. 

I would like to thank Andrei Okounkov for first introducing me to this problem, 
back in 2008, as well as for all his guidance and help along the way. I would like to 
thank Alexander Braverman for initially posing this question, as well as for all the 
interest and explanations he provided along the years. I would also like to thank 
Michael Finkelberg, Dennis Gaitsgory, Davesh Maulik, Kentaro Nagao, Hiraku 
Nakajima and Valerio Toledano-Laredo for a great host of useful discussions and 
explanations, as well as Sachin Gautam for his hospitality while this paper was 
being written. 



2. Affine Laumon spaces 
2.1. Consider the surface S = P 1 x P 1 and the divisors: 

L» = P 1 x{0}, oo = P 1 x {oo} U {oo} x P 1 . 
A parabolic sheaf J 7 is a flag of rank n torsion free sheaves: 

Ji C ... C T n C T X {D) 
on S, locally free around oo, together with an isomorphism: 



1 | OO 



■-FJ 



n-l 



■■W)|c 



The above is called framing at oo, and it forces: 

ci(.Fi) = -{n+l-i)D. 

On the other hand, C2{J r i) = —di can vary over all non-negative integers, and 
wc therefore call the vector d = (di,...,d n ) the degree of the parabolic sheaf. 
The moduli space Cd of rank n degree d parabolic sheaves is a smooth quasipro- 
jective variety of dimension 2\d\ := 2(d\ + ...+d n ) called the affine Laumon space. 
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2.2. Let T C GL n denote the maximal torus, and let us consider the following 
action of T = T x C* x C* on Cd'- the maximal torus acts by linear transforma- 
tions on the trivialization at oo, while C* x C* act by scalar multiplication on the 
coordinates of P 1 x P 1 . One can then consider the equivariant cohomology groups: 

which are all modules over i?^(pt) = Sym*(Lie T) v = C[xi, x n , h, ft']. Here 
Xi,...,x n denote the standard coordinates on T, while ft and ft' denote the coordi- 
nates on the factors of C* x C*. We can look at: 

H = (& H H£d) C{ Xl ,...,x n ,h,ti), 

d C[xi,...,x n fi,h'\ 

which is an infinite-dimensional vector space over the field C(xi, x n , ft, ft'). 

2.3. For all i < j, let us consider the locus of flags of parabolic sheaves: 

3 lid] ={FDiF +1 Di +1 ...Dl- 1 F j DiF j+1 , xeD\oo}, (2.1) 

where the notation T T' means that Ti D T{ for all I G {l,...,n}, and the 
quotients are supported at x of length 1 if k = I mod n and otherwise. Let us 
consider the proper maps: 




which only remember the first (respectively last) parabolic sheaf in (2.1). For the 
degrees to work out, we need: 

d + — d~ = Si + ... + Sj, where Sk = (0, 1, 0) 
In [10], we show that 3[i;j] is irreducible of dimension \d + \ + \d~\. Moreover, it is a 
linear combination of l.c.i. varieties, so we can consider push-forward maps from it 
in intersection theory. Concretely, we define the operators: 

ef idi :H^H, ef^a) = (±1)^+ W»- (2.2) 

2.4. Finally, we consider the operators of scalar multiplication: 

c : H — > H, c= —n — , 

n 

h.-.H^H, h i \ H * T{Cd ) = jr+i-d i + d i - 1 , (2.3) 

This latter definition makes sense for all i g Z, if we define di = d io and 
Xi := Xi Q + \_— M J/l', where io is that number in {l,...,n} that is congruent to i 
mod n. Then we have the following result ([10]): 
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Theorem 2.4. The operators e^.^, hi, c give H the structure of a gl n — module. 

In the above theorem, the Lie algebra is: 

9 l n = flU^" 1 ] © C • c, 
with the linear basis given by c and: 

z lii-l t ^rlE iJ+1 , i<j, 

z l^)-li)E j+hi , i<j, 

hi = En, i e {1, ...,n} 

where E^ denotes the elementary n x n matrix with 1 at the intersection of row 
i and column j and everywhere else. All indices will be taken modulo n, 
in the sense that = [i + n; j + n]. We will often call ef = ej^ the simple 
generators and: 

n 

a k = 51 e fi;i+nk-l] 
i=l 

the loop generators. The reason we care about them is that the ef and the af 
generate gl n as a Lie algebra, and they commute with each other. 




3. The Vector Bundle E and the Operator A(m) 

3.1. One can interpret parabolic sheaves in a different way. For k € N, let A4k 
denote the space of rank n and c 2 = —k torsion free sheaves on S, together with an 
isomorphism (framing) with O(-D) ® 0(-2D) © ... © O(-nD) at oo. This space 
is smooth of dimension 2nk. Consider the map: 

cr:S—>S, a{x,y) = {x,y n ). 

To any parabolic sheaf T e Cd wc can associate a sheaf J 7 £ M.\d\'- 

T = u*Tx + <j*T 2 {-D) + ... + a*T n (-(n - l)D). 
The sum is not a direct sum, but it refers to the convex hull of all those sheaves 
as subsheaves of o~*T n . The sheaf J- will be invariant under the natural action of 
G = Z/raZ on M\d\ by multiplication on the second coordinate of S, so we get a 
map: 

C d ^M% T^T. (3.1) 

Conversely, given a G— invariant sheaf A^^f, we can define its exp(27riZ/n)— isotypical 
subsheaf: its sections are those sections of F on which (1) £ G acts as multiplica- 
tion by this particular n— th root of unity. By definition, this sheaf is of the form 
a*J-~i+i(—lD) for some sheaf on S. The sheaf property of J- precisely imply 
that the J 7 / paste to give a well defined parabolic sheaf. This gives up the opposite 
procedure to the map (3.1), so we conclude that: 
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M G k - □ d, (3.2) 

\d\=k 

or in other words that each Laumon space can be realized as (a connected 
component) of M.^- 



3.2. The Kodaira-Spencer isomorphism tells us that the tangent space at any point 
T e Mk is given by: 

T T M k = Ext 1 ^, T(-oo)). 

Therefore, the tangent space at T to the fixed locus d of (3.2) is just the 
G— invariant part of the above vector space, namely: 



T T C d = Ext^(jr,JT(-oo)). (3.3) 
We will often use the following notation for the above Ext space: 

Ext 1 (J", JX-oo)) —Ext^J^^-oo)). (3.4) 
for any parabolic sheaves J 7 , J 7 '. Now, let us note that: 

Horn (J"', J"(-oo)) = Ext 2 (J"', J"(-oo)) = 

The first vector space above vanishes because of the twist by oo, and the second van- 
ishes by the same reason preceded by Serre duality. By a Theorem of Grothendieck, 
this implies that the spaces in the right hand side of (3.3) all have the same 
dimension as T ranges over d, and this proves that d is smooth of dimension 2\d\. 

3.3. The exact same argument shows that the sheaf E on d x d 1 given by: 



E\ { ^ t) =Ext 1 (J-',J-(-oo)). (3.5) 

is a vector bundle of rank |d| + \d'\. We define its Chern polynomial by the 
formula: 



c(E,u)^J2 c "( E )- uW+ld ' 1 



fe>0 

This polynomial gives rise to the operator: 



A(m) :H^H, A(m){a) = p~ (c(E,mh) ■ p+*(a)) . 
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3.4. In a sense that will be made clear in Proposition 4.10, the generating function 
Z(m) of (1.1) is precisely the character of the operator A(m). This motivates 
our interest in this operator, and the essential technical result is the following 
theorem, to be proved in Appendix 1: 

Theorem 3.6. The operator A(m) is a vertex operator, in the sense that it satisfies 
the following commutation relations with the operators of subsection 2.3: 

ef +1 A(m) - A(m)ef = h l+1 A(m) - A(m)h l+1 + mA(m), (3.7) 



e i A(m) - A(m)e i = h i+1 A(m) - A(m)hi + mA(m), (3.8) 

[a~l, A{m)] = mnA(m), [a^ ,A(m)] — (mn - c)A(m), (3.9) 

where c = —n — \ is the central charge. The index i goes from 1 to n, while the 
index k goes over the natural numbers. 



4. The Operator A(m) and the Main Theorem 

4.1. We define C fll„ to be the Lie subalgebra generated by the ejt^. There is 
a well-defined exponential map: 



at " p uQt), (4.i) 

whose image is a subgroup P C GL%. From Theorem 2.4, we see that the elements 
e [*"j] act l° ca ^y nilpotently on the cohomology group H, so we obtain a well-defined 
action of P on H. Elements of P can be written as n x n matrices with entries 
which are power series in z, such that the free term is an upper triangular matrix 
with all l's on the diagonal. A particular example of such an element is: 



i—0 j>i 



i + l 



( 1 1 1 1 \ 

z 1 1 1 

z z 1 1 

z z z 1 J 



€ P. 



(4.2) 



The meaning of the above matrix is that we expand in positive powers of z. So for 
any g G P, we can uniquely expand it in z and write it as: 

^Id + ^^j^+^LiJ-L^J. 

The complex numbers gu.j] will be called the matrix entries of g, and we have 
the following multiplication formula: 



j'+i 
k 



(4.3) 
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where we set by convention <7[i ; i_i] = 1. 

4.2. Under the action of Theorem 2.4, the cohomology group becomes isomrphic 
to the Verma module of gl n . This is the module freely generated by the elements 
e7. ., from a single vacuum vector v which is killed by the elements et -, , and 
which further satisfies: 



hi-v = 




One of the basic properties of the Verma module is that its endomorphisms are 
essentially determined by their commutation relations with the generators gl n , as 
in the following proposition: 

Proposition 4.4. The operator A(m) is the unique (up to a constant multiple) 
endomorphism of H which satisfies relations (3.7) - (3.9). 

This Proposition will be proved in Appendix 2. Note that it readily implies 
that A(0) coincides with B of (4.2), since one can easily check that B satisfies the 
required commutation relations for m = 0. 

4.3. To describe A(m) in general, we need to find an endomorphism of H which 
satisfies the same commutation relations as A(m). Assume first that m € N and 
consider the finite dimensional gl n — module S m = Sym mn (y 1 , ...,y n ), with the ac- 
tion given by c = and: 

^E ij = -y j -^:+m8i5 k . (4.5) 

This module can also be defined formally for m ^ N, but it will be infinite- 
dimensional in general. Along the same lines with Proposition 4.4, one can prove 
that there exists a unique (up to a constant multiple) fll„— intertwiner: 

<S> m :H^H® S m . 

We henceforth normalize $ m such that ( E> m (w) — v ® (yi---y n ) m + terms which 
involve lower weight vectors in H, where v denotes the vacuum vector. 

4.4. Now we consider the linear map ev : S rn — > C given by setting y\ = ... = 
y n = 1. One easily checks the following relations: 

ev o (ef +1 - hi+\) =cvo (e t ~ - h i+1 ) = -m ■ ev, (4.6) 



cvod, = — mn ■ cv. 



(4.7) 
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Theorem 4.8. The operator A{m) equals the following composition: 

A(m) :H^H^H®S m Id ^ v H. (4.9) 

The proof is straightforward. From the commutation relations of B = A(fi) as 
well as relations (4.6) - (4.7), one shows that the above composition satisfies the 
commutation relations (3.7) - (3.9). In fact, we constructed S m precisely so that 
this will happen. Then, we simply apply Proposition 4.4 to finish the proof. 



4.5. For formal variables z±,...,z n , consider the operator z : H — > H which acts 
on each direct summand H^-(Cd) C H as scalar multiplication by z^ 1 ...z^ n . Then 
we define the character of the endomorphism A(m) by: 

XA( m ) = Tr(A(m) oz). 

Though the trace is taken on an infinite dimensional vector space, there are 
no convergence issues because the Z{S are formal variables. Then we have the 
following result: 

Proposition 4.10. We have: 

XA(m) = Z(m). (4.11) 

Proof The z d coefficient of the LHS of (4.11) is simply the trace of the endomor- 
phism: 

p- (c(E,mh)-p + *) : H* T {C d ) — ► H^(C d ), 

where p ± : Cd x Cd — > Cd are the two projections. By the Kiinneth decomposition, 
this endomorphism is given by the cohomology class: 

c{E, mh) e H* T {C d x C d ) = H^-*(Cd) ® H* T (C d ) = H* T (C d Y ® H}{£ d ), 

where the last isomorphism is Poincare duality. Then the trace of our endomor- 
phism, namely the LHS of (4.11), is given by: 

(c(E,mh)-[A]) CdXCd = f c(E,mh)-[A}= [ c(E\ A ,mh), 

Jc d xC d JC d 

where A : Cd — ► Cd x Cd is the diagonal embedding. But E\& — TCd, as can be 
seen from relations (3.3) and (3.5). Therefore, the above equals the z d coefficient 
in the RHS of (4.11). 



□ 
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4.6. By Theorem 4.8 and Proposition 4.10, we have: 



Z(m) = cv (Tr($ m oBoz)). (4.12) 

Now, a straightfoward matrix multiplication (using the product formula (4.3)) 
shows that we have the following identity in P: 

Boz = g^ 1 ozoj, 
where g £ P is given by matrix entries: 

9[v ' 3] ~ (l-z J )...(l-z[^ 1 ])(l-zfe"l) 
where recall that z^ — Zi...Zj. Thus (4.12) yields: 

Z(m) = ev (Tr(<j> m o g^ 1 o z o g)) = ev (Tr(g _1 o $ m o z o g)) , 

where in the last equality we have used the fact that g commutes with the inter- 
twiner $ m . Since g £ P is a group element, we see that: 

Z(m) = (cv o g- 1 ) (Tr($ m o z)) = (cv o g'^x^ ■ (4.13) 

4.7. The reason why we have ev o g~ x in the above is because the trace has coeffi- 
cients in S m . Indeed, recall that $ m is an operator H — > H ®S m and therefore its 
trace will be valued in the module S m . The operator g^ 1 £ P acts on this module 
by the action (4.5): 



ev o g- 1 : S m — > C, ...y%> — > J] 1 + £ 

»=i V j>» 



" n 1 + 5 (i ^)...d - zfe-n)(i - zbfl) n 



z— 1 \ j>i 



(1 - **)...(! - z^~V)(l - z^) J f \ V(l - **)(! - «[<;*+!])... 



But we can say more: because $ m is an intertwiner, its character will lie in the 
weight zero subspace of S m . This subspacc is one-dimensional and consists of 
constant multiples of the vector (yi...y n ) m . So the above gives us: 



evoj-'ter-o = nri( i z[iyi ) _m = 5-m ' ( 4 - 14 ) 

where <5 is the Weyl determinant defined in (1.6). The (4.13) implies: 

Z(m) =6~ m -ev(x* m ). (4.15) 

Then Theorem 1.5 follows immediately from the following representation theoretic 
result, which will be proved in Appendix 2: 
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Proposition 4.16. The generalized character of the intertwiner <E> m : H — > H ® 
S m is given by: 



X* m =(Vi---V n ) m -Y{m)-I[z i * -5- 1 , (4.17) 



i=l 



where Y(m) is the eigenfunction of (1.4). 



5. Appendix 1: Intersection Theory 

5.1. The purpose of this section is to prove Theorem 3.6. For a more compact 
notation, whenever we will write ±, then we define e = 1 if the sign is + and e = 
if the sign is — . Then the desired relations (3.7) - (3.9) are rewritten as: 

[af,A(m)] = (mn + (s - l)c)A(m), 



ef +s A(m) - A(m)ef = h l+1 A(m) - A(m)h i+e + mA(m). (5.1) 

It is not hard to see that the first relation follows from the second once we add the 
next relation over all 1 < i < n and j = i + nk — 1: 



e t+e; 3 +s] A ( m ) - e ti+l ;j ] A ( m ) = A ( m ) e t,j\ ~ A ( m ) e t+^+e-l] iOT 3 > »■ 

(5.2) 

The reason why we pick up a — c in the commutator of is that h n +i — hi = — c, 
by the convention of (2.3). 



5.2. Therefore, all we need to do is to prove (5.1) and (5.2). Consider the following 
moduli spaces: 



r - mxp - r P xla 1 r 
>~d X 0[i-j] > >~d X Ld< < 0[i-j] X Ld< ■ 

By definition, the operators A(m)e^.^ and e^.^A(m) are given by the following 
correspondences on Cd x Cd' ■ 



(±y- l+1 (idxp ± )^c{Ef,mh) and (±) j - i+1 (p* x id)*c(E± ,mh), 

(5.3) 

where E\ (resp. E 2 ) are vector bundles on Cd x (resp. x Cd') with fibers: 



Et\r,r-D...DF+ = Ext 1 ^, J-(-co)), E±\ T - D ... DT+ ^, = Ext 1 (^',^±(-00)) 
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5.3. As in section 3.2, the corresponding Ext and Ext 2 spaces vanish, so the above 
Ext 1 behave additively in T, J 7 ', J r± . Therefore, we have the following equalities in 
if —theory: 

[Ef] = (id x p±)* [E] ± Q^ ] , [Ef] = (p=F x id)* [E] ± Q^ 1 . 

Here, and Q^'^ are the rank j — i + 1 vector bundle on £^ x3[ !; j] and x £d' 
with fibers: 

QFW-d...d^+ = RHom(J-/J-+, J-(-oo)), 

Q 2 i;j] U-D..o^+^' = RHom(J-', J-/J-+(-oo)). 
Therefore, (5.3) tells us that the operators A(m)e^.^ and e^.^A(m) arc given by 
A(m) times the operators: 

(±y- l+1 (id x p ± )*c(TQF ] ,m/i) (±) J - J+1 (p T x id)*c(±Q^ ;jl ,m/i). 

(5.4) 

Therefore, the desired relations (5.1) and (5.2) (and thus the proof of Theorem 3.6) 
reduce to the following equalities of cohomology classes on d x d' ■ 

±(p T x id) „c(±Q l 2 +e ,mh) =F (id x p ± )*c(=F<9i, mft ) = 



= m + i _ e + at+1 - a ' +£ + (di - d l+1 + - < +£ _!), (5.5) 
for all 1 < i < n, and: 

(p T x id)»c(±gl, J+£;J+el ,TOft) t (p T x id) *c{±Q l i +Uj \mh) = 



= (id x p ± ),c(TQ^ 1 ,mfi) T (id x p k )*c(TQ [ t ¥e ' i+e ~ 1] , mft), (5.6) 
for all j > i. 

5.4. We will now express the bundles Q^'^ and in terms of the tautolog- 

ical sheaves V\4 = Fk/Fk-i that were introduced in [7]. We will treat them 
like a black box in this paper, though a thorough study of them can be found in [10]. 

Proposition 5.7. We have the following equalities in the equivariant K— theory 
groups of C d x 3 [i;j -] and 3 [i;j -] x 

= W fc v +1 B g • T fe , = n H W fe , (5.8) 

A;— i A;— i 

where now denotes the k—th tautological line bundle on 3[*;j]- 



AFFINE LAUMON SPACES AND THE CALOGERO-MOSER INTEGRABLE SYSTEM 13 



Proof We will prove these identities by restricting them to torus fixed points. As 
described in [7] , a torus fixed point of d is indexed by a collection of non- negative 
integers: 

d = {dkk > d k +i,k > ••• 1 < k <n} 
with ^2 i<k dki — dk- We will often use the notation d to refer to the fixed point 
itself. Also in [7], it was shown that the torus character in RHom(d, d'{— oo)) equals: 



=ll<k fc 1 fe=l/'<fc-l ' H 



" ^ ti_ -1) " l ^ ti (q d ^+ l -q)(q-<< - 1) 

^ ^ t V ' q-l ^ ^ tv o-l 

fe=i ;<fe 1 y k=i i<k 1 H 

Now consider a fixed point d~ D ... D d + of 3[i :J ], in other words one such that: 

4* = 4* + i, < fc < j, 

for some l i: while all other d + 's equal the corresponding d~'s. Since RHom is 
additive, the torus character in Qi'^\gg_ j + = RHom(J_/d + , d{— oo)) equals: 



fe=i y;<fe ^ y y<fe+i (<fe 

As seen in [10], the second sum is precisely the torus character in W^ +1 , while the 
first sum gives the character in fc— th tautological bundle Tk twisted by q. This 
ensures the first equality of (5.8). As for the second equality, the torus character 
in Q2 lj_ d + d' — RHom(J', d~/d+(-oo)) equals: 

- *«- - 1 f * • 2Z ?^) f E T 1 ■ - E t' ■ 

fe=i \ q / \i<k i<k-i 

The second sum in the torus character in Wfe, while the first sum gives the character 
in T% , and this proves the second equality of (5.8). In particular, the above shows 
us that: 



cxiWk) = -x k + h(dk-dk-i). (5.9) 

□ 

Let us write Ck = c\(Tk) G H^-(5[i-j])- With the above proposition, we can 
rewrite the sought-for (5.5) and (5.6) as the following equalities of cohomology 
classes on Cd x Cd r - 

±(p T x id)*c(W- +e ,mft- Ci+e) ± (id x p ± )» c (=F>Vfe+i, -mh-h-Ck) = 
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= m + 1 - e + X J±L_^1±1 + {di di+1 + d >. +£ (5.10) 
for 1 < i < n, and: 

(p^xid)* l[ c(±W k , mh - Cfc ) T ±(P T x id), J] c(±W;,mfi-c fe ) = 

A;— i-\-e k=i+l 
j 

= (-iy- l+1 (id x p*), JJ c(T%i,-mS - h - c k )T 

k—i 

j-l+E 

T (-iy-*(idxp ± )* c(TW k+1 ,-mh-h-c k ) (5.11) 

for i < j. 



5.5. We will need to develop a little bit more technology in order to proceed. 
Given two analytic functions P and Q in the variables Zi,...,z k , we define their 
convolution as the function: 

P(z 1 ,...,z k )*Q(zi,...,z k )= / ••• / P(h,...,t k )Q(zi -tt,...,z k -t k )dti...dt k , 

Jc k JCi 

where the contours Ci,...,C k are concentric around 0, with C\ being the innermost 
one. If P and Q both vanish at oo, convolution is commutative. Moreover, it 
satisfies the following easily checked property: 



Pi(z + Cl )...P k (z + c k )=[ ■ ... ■ ) * [P 1 (z 1 )...P k (z k )} 

zi + ci z k + c fe 



(5.12) 



where \ z means that we evaluate all the z\ = ... = z k = z. Given such an analytic 
function Q(zi, z k ), we define [Q]~ to be the part of Q which vanishes at oo, in 
other words we only keep the terms where the Zi's are raised to negative powers in 
its power series expansion. Now let: 



A(z 1 , ...,z k ) = l\ 



Zj + a? 



j>i+l Zi z i + 

where the product goes over any set of pairs of indices and a\ and b\ are 

any constants. We will write Ai(z\, zl, z k ) for the above product if we leave 
out all terms containing z%. Then take two functions P and Q of Zi,...,z k , such 
that one of them (say P) has at most simple poles at oo and the other one (say 
Q) vanishes at oo. For all i, we will write Pi and Qi for the functions in one less 
variable obtained as: 

P(zi, Zk) = ZiPi(z\, z}, z k ) + ... 
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Q(Z!,...,Z k ) 



Zi 



+ ... 



Lemma 5.13. In the above setting, we have the following relation: 



P(zi,...,Zk) 



(zi - z 2 )...(z k -i - z k ) 



A 



*Q 



Pkjzi, -,Zfc_i) 
(Zi - Z 2 ) — {Zk-2 - Zk-l) 



* Qk 



-1) 



fe+1 



Q(zi, Zk) 



(Z2 - Z\)...{Zk - Zk-l) 



A 



*p 



(-If 



Qi(z 2 ,...,z k ) 



* Pi 



(5.14) 



_{ z 3 - Z 2 )...(Zk - Zk-l) 

Proof Let us consider the following function of the complex variables t\, t k : 



p = P(h, -, t k )Q(z - h,..., z - gfc) ^/ fi t x 

(ti — t2) — (th-l — tk) 

By definition, ReS( 0j ....o)^ is the first term in the LHS of (5.14) and it is not difficult 

to see that the second term in the LHS is equal to ReS( o,oo)F- By applying the 

residue formula, we conclude that: 



LHS (5.14) = -Res(p,...,o,z)F- 
By changing variables t — > z — t, we see that the first term in the RHS equals 



—Res 



(z,...,z) 



F and the second term in the RHS equals —Res 



plying the residue formula, one sees that 



(oo,z,...,z) 



F. Again ap- 



RHS (5.14) = Hcs !: ... , I- 

So to prove (5.14) we need to show that Res( o,z)P + R- es (o,z,...,z)F — 0. This 

would follow from the residue formula, if we showed that Res( o,oo,z,...,z)P = 

vanishes regardless of the position i 6 (1, ...k) where the oo is placed. To see this, 
let us write the corresponding residue as: 

p(...,s i _i,i,2-s i +i,...)Q(...,z-s i _i,z- A dsi Ask 



c k 



...(si-2 - Si-i) (si-i - j^j [yi~ z + s *+i) ( s «+2 - 



where all the integrals are centered around now. There is no pole at Sj = 0, 
because both P ■ Q and A arc regular there and the denominator does not blow 
up. Therefore, the residue at (0, 0, oo, z, z) is 0, and our relation (5.14) follows. 



□ 
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5.6. Now on to prove (5.10). Using (5.12), we can rewrite its LHS as: 



mh—Ci+e) * \mh+h+Ci 

In [10], we compute the above push- forwards: 



■c(TWi+i,-mh) 



P± (^) = [-»- 1 - c ( ± ^,-^-^)]-. 
so we see that the LHS of (5.10) is equal to: 

T /j- 1 . [ c (TW i+ i,-mH- (l-s)H)}- *c(±W' i+£ ,mh)± 

± tT 1 ■ [c(±W' i+£ , mh+{l- e)K)]- * c(tW i+1 , -mft) (5.15) 

If the [• • ■ ]~ weren't there, then the above would equal on the nose. The series 
c(— W, u) has degree —1 and so it equals its [...]", so any non-negative exponents 
come from c(W,u) = u + c\(W) + 0(u~ 1 ). This series differs from its [...]" by the 
terms u 1 and u°, and it is easy to compute that: 



u * u~ n = Si, - u-5° n 



so (5.15) reduces to: 



m + (1 — e) + 



Cl (W' i+£ ) - Cl (W i+1 ) 



which after consulting (5.9) coincides with the RHS of (5.10). 

5.7. The last relation we need to prove is (5.11), and (5.12) rewrites it as: 

j j 

fe^n^-^^^i^ n c(±w k ,m k h)\ m = 

l k—i-\-l 
3 



k=i 



k—i 



(5.16) 



T (-l) j - i Y l t +E . j+E _ 1] * 1] <TW k+£ ,-m k h) m 

k=i+l 

where | m means that we evaluate everything at m t = ... = nij = m and: 

X i;j] = P* (ll m J-c k ) ' Y M = P * (A mk h+h + c k ) 

These latter quantities are computed in [10], and we obtain for them the following 
results: 



x±, = - (±1) 



UiJi( m k - m k+1 ) 



A(m t , ...,mj) 
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(TIP 



IlLi c(±W fc+£ ,m fc fi+(l- £ )ft) 
]lfe=l( m fc+i - m k ) 



A(-m,i, -m 3 ] 



where: 



l=k+l l=k 

Yj m k - mi + 1 -pr m k -mi 
A(mi,...,mj = 



Then (5.16) is simply the particular case of Lemma 5.13 for: 



H c(TW fe+ i, -m fe fi - (1 - e)fc), Q = c(±W' k+£ , m k K) 



k —i 



6. Appendix 2: Representation Theory 

6.1. Proof of Proposition 4.4: Suppose there were another operator K : 
H — > H which satisfies the same relations. It suffices to prove the following 
statement: if K(v) = terms of lower weight than the vacuum vector v, then K = 0. 
To prove this, first suppose that K(v) ^ 0. Then we can write: 

K(v) = a ■ (eg ) %0 ...{e~_ l ) %n - 1 {a^) jl {a^Y 2 ■■■ ■ v + terms of lower weight, 

for some constant a ^ 0. If we hit the above relation with the operator 
(eg )*°...(e+_ 1 ) 4 "- 1 (a^) J1 (aj Y 2 ---, we should be left with only a non-zero multiple 
of v plus terms of lower weight. On the other hand, because of the commutation 
relations (3.7) and (3.9), we can inductively show that wc obtain a multi- 
ple of K(v), which by assumption is composed only of terms of lower weight than v. 

Therefore, we must have K(v) = 0. Then we can use relations (3.8) and (3.9) to 
show inductively that K applied to any vector (e^ Y° ■ ■■(e~_ i y n - 1 (aj~) jl (a^Y 2 ... • v 
equals 0. Since such vectors span V, we conclude that K — 0, as desired. 

□ 



6.2. Proof of Proposition 4.16: This Proposition has been proved by Etingof 
and Kirillov for characters of sl n , and in the rest of this paper we will adapt their 
proof to the case of Ql n . The main actor is the energy operator: 

C = t (f + + E + ~ c E H< e tfgO. (6.1) 



2 n I ^ c ■ 

i=l x 7 i<j k>0 

where the sum goes over all i G {1, ...,n} and j > i, and 7 is a constant chosen in 
such a way that C kills the vacuum in the Verma module. 
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Proposition 6.2. The operator C acts on the Verma module H diagonally in the 
weight decomposition: 



c\ Hd 



»=i 

Proof One sees that: 



(fefc+i - fe fc )e fc + e fc (ftfc+i - fefc) c(l-ra%) ^_ 
= 2 h fc n fe ~ 1 

+ 5Z e [ l ;j] e fe-l] ~ 5Z e [i;j] e [i+l;j] + XI e [i-l;j] e [i;j] ~ e {i;j+l] e [i;j] ' 

j = fc i=fc i=fc+l j=k—l 

The sums in the bottom row cancel each other out, and the top row is easy to 
compute: 

[CW-] = e fc -(l + £). 
As for the commutation relations with the loop generators, we see that: 

[C>fc] = k(n + c) -Ofc. 
Finally, it is straightforward to see that C acts on the vacuum vector by 

multiplication by Y^i=i 5 (if + *) + ff (if + Then the desired statement is 
proved by induction on rf. 

□ 



6.3. Let us now take the intertwiner $ m : V — > V <8> S m and write down some 
identities. From Proposition 6.2, we infer that 



i=i 



(6.3) 



where D = <9i + ... + d n is the total derivative of (1.3). However, we have the 
relation: 



- n o 

1 ^-^ /X, A 2 Ci /Xj A 

E?=i = ' 2 g (ft + V + n ("ft + V + 

n 

£ a? + + + (i-nff) 



+ 



,i=l 



' X<£>„ 



(6.4) 
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6.4. Moreover, we have: 



X.„„, f ,.. ,. = W^^e+^z) = z^Tr^e^ze^) = z^Tr{e+^ m e^) 



"[i;ir[i;j] 



.jTr^e" , ]Z ) = .^^(^e+.e-.z) - z^.Tr^e^z) 



*;j] [*;j] 



(6.5) 



where in the last equality we used the fact that 3> TO is an intertwiner. The first 
term in the RHS of (6.5) equals: 



= ^Tr($ m e [ 7 ;j . ] e+ . ]Z ) + z^Tr [$ m (^ - z] = 



= z[l ' j] x* me - .+ + z^ 1 [0(0 - ^(j + 1) + a,-+i - ^ - a, + x $m , 

where <j>(i) = ^- + i. By the same token, the second term in the RHS of (6.5) 
equals: 

= e+ j . ] Tr($ m ze [ T ; .j) = e+^Tr^^z) - e+^Tr^z) 



=>• z^e+ ,Tr($ m er ,z) = ^ L '" r " 
Plugging these last two relations in (6.5) gives us: 



(zfol - l)(z-fe] - 1) 



+ 



4>{i) - <t>{3 + 1) + fy+i - 9j - 9j + <%-i 



- l 



X<e„ 



It is easy to see that ej^e^.j acts on the vector (yi-..y n ) m & S m as multiplication 
by m(m + 1 — 5j +1 ), and therefore we obtain that: 



c [«r[i;i] 



m(m + 1 - <Jj +1 ) - 0(j + 1) + - dj -d t + 



(z^'l - l)(z-^ - 1) 



- l 



X$„ 



In the same way, we show that: 



X*„ 



9 9 

m n 



kne 



(z k - l){z- k - 1) z- fe -l 



X$„ 



fc>0 a -k a k 



c / f— ' z 



Eh 
z- k - 1 



X$„ 
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6.5. Putting together the last two equalities with (6.3), (6.4) and the definition of 
C in (6.1), we obtain the identity: 

H-Xt> m =0, (6.6) 

where 

* = a + ££^, + (,„„ + „_^) S _i_ + 



E 

i<j 



i=l x 7 fe>0 

m(m + 1) <p(i) - <p(j + 1) + dj+i - dj - + <9;_i 



- l)(z-[i;j'l - 1) z-foti - 1 

where A is the Laplacian of (1.3). Letting: 



Xk 



E 



# of k in [«; j] 



2-l»;jJ - i 



we can simplify the above expression to: 



^ = A + £( 

fe=i v 



a;fe+i - Xk \ „ 
^ 2xfe + Xfe-i + Xfc+i I o fc + 



h f mn+n fc ,yf m(m + l) ^)-^ + l) \ 

r c j2-^-i + ^U,fo]-i)(,-fe]-i) + z-M-i J 



fe>0 i<j 

Now plugging in the definition of 4>(i), we obtain: 



/r, \ ( m 2 n 2 \ \ - fc x - 

^ = A + ™+«— E-f^y + E 



fc x m(m + 1) 



/ ( Z M -l)(«-l*wJ -1) 
fe>0 i<J v ;v ; 

n n n 

J2 Xk + E • ( d k - Xk) - £(Xfe - Xk-i)(d k - d k -i). 

k=i k=i fe=i 



6.6. The Hamiltonian above has a unique eigenfunction with a prescribed leading 
term. Because of (6.6), Proposition 4.16 is therefore equivalent to proving that: 

H ■ (Y(m)F^ 1 ) = 0, 

where: 

n 

F = Y[z^-5. 

i=l 

Since Y(m) is, by definition, the eigenfunction of the Hamiltonian of (1.2), this 
becomes equivalent with the following equality of Hamiltonians: 

F- 1 ■\U,F]+H- X = H, 

where H is the Hamiltonian of (1.2) and A is the eigenvalue of (1.4). Simplifying 
terms, the above equality is equivalent to: 
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W k-7 k ™ 

F- 1 • [A, F] + J-F- 1 - [D, F}=nJ2 Y^k + E ^(h-i - h - 1)+ 

k>0 fe=l 

™ ft' 
+ E( &fc ~ + ^fc" 1 ~ b k-l){dk - 9fe-l) + + ••• + K-X1- ••• - Xn) 

k=i fl (6.7) 

6.7. To prove the above relation, it is enough to compute the commutators involved, 
such as the straightforward relation: 

F- 1 • [D, F] = =h + ... +b n - X i- ... - Xn (6.8) 

A slightly more complicated computation is: 

n 

F- 1 ■ [A, F] =J2 F ~ K - F ^ ■ l d kdk + i,F} = 

k=i 

= F" 1 £ (d k - d k ^)d k {F) + £ ( d J§± - ^fl) ( dk - ft_0 = 
fe=l k=l ^ ' 

n n 

= F" 1 ^ (<9 fe - d k -i) [F ■ (b k - Xk)] + -Xk+ Xk-i - h-i)(d k - 9 fe _i) = 

k=l k=l 
n n n 

= E ( d k-i(Xk) - d k {Xk)) + ^Xk(Xk - Xk-i) - ^2(Xk - Xk-i)(h - h-i)+ 

fe=l k=l k=l 

n n 

+ ^(b k - x k + Xk-i - b k -i){d k - dk-i) + y^bk{bk - b k -i) (6.9) 

k=l fe=l 

Now we compute: 

dk-i(Xk) - d k (xk) = E (z -L]-i)2 ^ of ^ K# of fc - 1) - (# of fc)] = 

i<j 

= E ( ^r! i 1)2 (#° ffc )(^ +i -4), 

where # of fc refers to the number of appearances of that vertex in [i; j]. Summing 
this over k gives us: 

n _ — 

E 0*-i(x*) - = E f^M7n2 K# of J + !)-(# o f *)] = 
fe=l »<j 1 J 

On the other hand, we have: 
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n n \ 

^2(Xk - Xk-l)Xk = - E Xk ~ E ( Z [i-J] _ l)( z -[j;j] - 1) 



k—1 k—1 i<j 

Plugging this into (6.9) gives us: 

7 k n n 

F- 1 ■[A,F]=nJ2 Y^k ~ E X* - E(Xfc - - 

fc>o z fe=l fe=l 

n n 

fe=l k=l 

This last relation and (6.8) give us the desired (6.7). 



□ 
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